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Abstract 

In this paper we prove that we can find a labeled packing of a non star tree T into 
with rriT + [ "~^^ ] labels, where n is the number of vertices of T and mx is the maximum 
number of leaves that can be removed from T in such a way that the obtained graph is a 
non star tree. Also, we prove that we can find a labeled packing of a non star tree T into 

with rriT + 1 labels and a labeled packing of a path Pn, n> 4, into with \j] labels. 

1 Introduction 

All graphs considered in this paper are finite and undirected. For a graph G, V{G) and E{G) 
will denote its vertex set and edge set, respectively. We denote by Ng{x) the set of the neigh- 
bors of the vertex x in G. The degree ddx) of the vertex x in G is the cardinality of the set 
Ng{x). For short, we use d{x) instead of dcix) and N{x) instead of Ng{x). The distance 
between two vertices of G, say x and y, is denoted by distoix, y), and for short we usually use 
dist{x, y). For a subset U of V , we denote hj G — U the graph obtained from G by deleting all 
the vertices inUDV and their incident edges. For a subset F oi E,we write G — F :— {V,E\F). 

A vertex of degree one in a tree T is called a leaf and the neighbor of a leaf is its father. 
For a non star tree T, we denote by the maximum number of leaves that can be removed 
from T in such a way that the obtained tree is a non star one. The number of edges of a path 
P is its length 1{P). A path on n vertices is denoted by P„. The middle vertex of P5 will be 
called a bad vertex. 

Let G be a graph of order n. Consider a permutation a : V{G) — > V{Kn), the map a* : E(G) — > 
E{Kn) such that a*{xy) — a{x)a{y) is the map induced by a. We say that there is a packing 
of k copies of G (into the complete graph Kn) if there exist permutations o"j : V{G) — )■ V{Kn), 
where i = 1, k, such that a*{E[G)) fl a*{E{G)) = for i ^ j. A packing of k copies of a 
graph G will be called a /c-placement of G. A packing of two copies of G (i.e. a 2-placement) 
is also called an embedding of G (into its complement G). That is, we say that G can be 
embedded in its complement if there exists a permutation a on V{G) such that if an edge xy 
belongs to E{G), then a{x)a{y) does not belong to E{G). A permutation a on V{G) such that 
a{x) 7^ X for every x in V{G) is called a fixed point free permutation. 

The problem of embedding paths and trees in their complements has long been one of the 
fundamental questions in combinatorics that has been considerably investigated [2,4,5,6,7,8]. 
For recent results and survey on this field, we refer to the survey papers of Wozniak [9] and 
Yap [10]. 

Concerning non star trees, the following theorem was proved by Straight (unpublished, cf. [3]) 
Theorem 1.1 Let T be a non star tree, then T is contained in its own complement. 



This result has been improved in many ways especially in considering some additional infor- 
mation and conditions about embedding. An example of such a result is the following theorem 
contained as a lemma in [9]: 

Theorem 1.2 Let T he a non-star tree of order n with n > 3. Then there exists a 2-placement 
u ofT such that for every x e V{T), dist{x,a{x)) < 3. 

This theorem immediately implies the following: 

Corollary 1.1 Let T be a non-star tree of order n with n > 3. Then there exists an embedding 
ofT such thata{T) C 

In [6], Kheddouci et al. gave a better improvement in the following theorem: 

Theorem 1.3 Let T he a non star tree and let x he a vertex of T. Then, there exists a 
permutation a on V{T) satisfying the following four conditions: 

1. a is a 2-placement ofT. 

2. a{T) C 

3. dist{x, (7(x)) = 1. 

4- for every neighbor y of x, dist{y,a{y)) < 2. 

Labeled graph packing is a well known field of graph theory that has been considerably investi- 
gated. It is intorduced by E. Duchene and H. Kheddouci. Below is the definition of the labeled 
packing problem: 

Definition 1.1 . Consider a graph G. Let f be a mapping from V{G) to the set {1,2, ...,p}. 
The mapping f is called a p-labeled-packing ofk copies ofG into Kn if there exists permutations 
ai : V{G) — )■ V{Kn), where i = 1, ...,k, such that: 

1. a*{E{G)) n a*{E{G)) = ; for all i ^ j. 

2. For every vertex v of G, we have f{y) = f{ai{v)) = f{a2{v)) — ... — f{ak{v)). 

The maximum positive integer p for which G admits a p-labeled-packing of k copies of G is 
called the labeled packing number of k copies of G and is denoted by A'^(G). 

E. Duchene et al. introduced the following two results which are presented as Lemmas in 
[1]. These results give an upper bound for the labeled packing A^(G'). 

Theorem 1.4 Let G he a graph of order n and let I he a maximum independent set of G. If 
there exists an embedding of G into Kn, then 

X\G) < \I\ + L^J 

Theorem 1.5 Let G be a graph of order n with a maximum independent set I of size at least 
[|J . // there exists a packing of k >2 copies of G into Kn, then 

X'^iG) < \I\ + L^J 
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E. Duchene et al. [1] introduced and studied the labeled graph packing problem for some vertex 
labeled graphs. In this paper, we are concerned with finding a p-labeled-packing of G into G^. 
We give below the definition of the new labeled packing problem: 

Definition 1.2 Let f he a mapping from V{G) to the set {1,2, The mapping f is called 

p-labeled-packing of G into G^ if there exists a permutation a : V{G) — > V{Kri), such that: 

1. a is a 2-placement of G. 

2. (t{G) C G^. 

3. For every vertex v of G, we have f{y) = f{a{v)). 

The maximum positive integer p for which G admits a p-labeled-packing of G into G*^ is called 
labeled packing /c-power number and denoted by w'^{G). 

Concerning the packing of a path Pn, n > i, into P^, we introduce the following result: 

Theorem 1.6 Consider a path Pn, n > A, and let u and v he its end vertices. Then there 
exists a permutation a on V{Pn) such that a satisfies the following conditions: 

1. a is a 2-placement. 

2. a{Pn) C P^. 

3. dist{u,a{u)) = 1 and dist(y,a{v)) < 1. 

4. The length of each cycle of a is at most 4- 

This result allows us to estabhsh the following: 

Corollary 1.2 Consider a path Pn, n > 4, then w^{Pn) > ff]. 

To formulate our main results we need to introduce some definitions. 

Let T be a non star tree and let a; be a vertex of T. Then, a fixed point free permutation a on 
V{T) is called a (T, x)-well 2-placement if it satisfies the following conditions: 

1. (J is a 2-placement of T. 

2. a{T) C T^. 

3. dist{x, cr(a;)) < 2. 

4. dist{y, < 3 for every neighbor y of x. 

5. dist{y, (y{y)) < 4 for every y such that d{y) = 1. 

6. The length of each cycle of a is at most 5. 

We prove first: 

Theorem 1.7 Let T he a non star tree and let x he a vertex ofT. Then, there exists a {T,x)- 
well 2-placement. 

This implies the following: 

Corollary 1.3 Consider a non star tree T with \V{T)\ = n, then w^{T) >mT+ [^^=1^1- 

Let T be a non star tree and let a; be a vertex of T. Then, a fixed point free permutation a on 
V{T) is called a (T, a;)-good 2-placement if it satisfies the following conditions: 
1. cr is a 2-placement of T. 
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2. a{T) C T^. 

3. dist{x, (j{x)) ~ 1. 

4. dist{y, (7{y)) < 2 for every neighbor y of x. 

5. dist{y, o{y)) < 4 for every y such that d{y) — 1. 

We prove that: 

Theorem 1.8 Let T he a non star tree and let x be a vertex of T such that x is not a bad 
vertex. Then, there exists a {T, x) -good 2-placement. 

This result allows us to estabhsh the following: 

Corollary 1.4 Consider a non star tree T , then w^{T) > trt + 1- 



In this section, we are going to prove Theorem 1.6, but we need first to prove the theorem for 



Lemma 2.1 Consider a path P„ such that 4 < n < 7, and let u and v be its end vertices. Then 
there exists a permutation a on V{Pn) satisfying the following conditions: 
1. a is a 2-placement. 



3. dist{u,a{u)) = 1 and dist{v,a{v)) < 1. 

4. The length of each cycle of a is at most 4- 

Proof. For each path P„, n = 4, ...,7, we will introduce below a permutation a on V{Pn), 
satisfying the above conditions: 

For P = XiX2Xo^X/[, a = {xi X2 x^ Xs). 

For P = XiX2X3X4^X5, a = {Xi X2 X^ X4){X3). 

For P = a;ia;2a;3a;4a;5a;6, a = {xi X2 x^ X4){x3){xq). 

For P — XiX2X3X4X5XqXt, a — {xi X2 2^5) (2^3 X-^ Xq){x4}. 

■ 

Proof of Theorem 1.4. 

The proof is by induction. By the previous Lemma, a exists for n — 4,..., 7. Suppose now 
that n > S and the theorem holds for all n' < n. Then P„ can be partitioned into two paths 
P' and P" such that 1{P'), 1{P") > 3. Let x be the end vertex of P' and y that of P" such 
that dp^{x) = dp^{y) = 2 and let a' and a" be two permutations defined on V{P') and V{P") 
respectively such that a' and a" satisfy the four conditions mentioned in the theorem with 
dist{x, cr'{x)) = 1 and dist{y, (T"{y)) < 1- Let cr be a permutation defined on V^(P„), such that: 



2 Labeled Packing of into 



n = 4,...,7: 



2. aiPn) C Pi 




It can be easily shown that a satisfies the four conditions. □ 
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Proof of Corollary 1.2. 

Consider a path P„, n > 4, and let u and v be its end vertices. Then, by the previous theorem 
there exists a permutation a on V{Pn) satisfying the following conditions: 

1. (T is a 2-placement. 

2. a(P„) C P4. 

3. dist{u,a{u)) = 1 and dist{v,a{v)) < 1. 

4. The length of each cycle of a is at most 4. 

Let r be the number of cycles of a and let ai,...,ar be these cycles. Note that r > [|]. 
Label the vertices of CTj by i for i = 1, ...,r. Hence, we obtain a labeled packing of Pn into 
with r labels and so w^(P„) > [j]. □ 

3 Labeled Packing of a Non Star Tree T into and 

In this section, we are going to prove the main results of this paper, but we still need to intro- 
duce some definitions and results on paths followed by a sequence of lemmas. 
Consider a path P„, n > 4, and let a; be a vertex of P^. A fixed point free permutation a on 
V{Pn) is called a (P„,a:)-well path 2-placement, if it satisfies the following conditions: 
L (7 is a 2-placement of P„. 

2. a{Pn) C Pi 

3. dist{x, cr{x)) < 2. 

4. dist{y, <7{y)) < 3 for every y G N{x) and for every y such that d{y) — 1. 

5. The length of each cycle of a is at most 5. 

We will prove the following theorem: 

Theorem 3.1 Consider a path Pn and let x be a vertex of Pn, n > 4. Then there exists a 
{Pn, x)-well path 2-placement. 

Lemma 3.1 Consider a path Pn, 4 < n < 7, and let x be a vertex of Pn- Then there exists a 
{Pn, x)-well path 2-placement, say a, such that dist{v, ^{v)) < 3 for every v e V{Pn). 

Proof. For each path P„, n — A, 7, and for every vertex x of P„ we will introduce below a 
{Pn, x)-well path 2-placement a such that dist{v, o-{v)) < 3 for every v e V{Pn): 

For P = X1X2XSX4, a = {xi X2 X4 X3) is a (P, a;)-well path 2-placement for every x G V{P). 
For P = X1X2X3X4X5, a = {xi X2 x^ x^ X3) is a (P, a;)-well path 2-placement for every x G V{P). 
For P = X1X2XSX4X5XQ, there are three choices for choosing x, either xi, X2 or x^. a — 
{x\ X2 x^{x-i x% ^5) is a (P, a;)-well path 2-placement for x G {x\,X2\, and a — {xj, X\){x^ X2){x^ x^ 
is a (P, a;3)-well path 2-placement. 

For P = x\X2X-iXii,x^x^XT, there are four choices for choosing x, either x\, x^, 2:3 or 2:4. 
cr = {x\ X2 x^ X'i){xi^ xq xr) is a (P, a;)-well path 2-placement for every x of the previous 
choices. ■ 

Proof of Theorem 3.1. 
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The proof is by induction. By the previous Lemma, there exists a {Pn, a;)-well path 2-placement 
for every vertex x oi Pn, where 4 < n < 7. Suppose now n > 8 and the theorem holds for all 
n' < n. Let a; be a vertex of P„. Since n > 8, then P„ can be partitioned into two paths P' 
and P" such that 1{P')-, 1{P") > 3. Without loss of generality, suppose that x G V{P'). Let xi 
be the end vertex of P" such that dp^{xi) = 2. By induction, there exists a (P',a;)-well path 
2-placement, say ax, and there exists a (P", a;i)-well path 2-placement, say ax^^- Let cr be a 
permutation defined on V{Pn) such that: 



a{v) 



ax{v) ifveViP') 
ax,{v) iiveV{P") 



It can be easily shown that cr is a (P„,a;)-well path 2-placement. □ 

Consider a path P„, n > 4, and let x be a vertex of P„. We say that a fixed point free 
permutation cr on V{Pn) is a (P„,a;)-good path 2-placement if cr satisfies the following condi- 
tions: 

1. (7 is a 2-placement of P„. 

2. a{Pn) C Pi 

3. dist{x, (t{x)) — 1. 

4. dist{y, (j{y)) < 2 for every y e N{x) and for every y such that d{y) — 1. 
We prove: 

Theorem 3.2 Let x be a vertex of Pn, n > A, such that x is not a bad vertex, then there exists 
a {Pn,x)-good path 2-placement. 

Lemma 3.2 For every x in V{Pn), 4: < n < 7, such that x is not a bad vertex, there exists a 
{Pn, x)-good path 2-placement. 

Proof. For every x in V{Pn), n = 4,..., 7, we will introduce below a (P„,a;)-good path 2- 
placement cr^.: 

For P = X1X2X3X4, there are two choices for choosing x, either xi or X2. Then: 

(^xi = {Xl X2 X4 X3); Ux2 = {Xl X3 Xa X2) 

For P = X1X2X3X4X5, there are two choices for choosing x, either xi or X4. Then: 

(^xi = CTxi = {Xi X2 X4 X5 X3). 

For P = X1X2XSX4X5XQ, there are three choices for choosing x, either xi, X2 or X3. Then: 

cr^-j = {xi X2 Xa X3 Xq X5); ax2 = CTxa = {xi X3 X4 Xe X5 X2). 
For P = xiX2XsX4X5XqX'7, there are four choices for choosing x, either xi, X2, xs or X4. Then: 

<^xi = CTxA = {Xi X2 X4 X5 Xy Xq X3); ax2 = CTxs = {Xl X3 X4 Xq X-; X^ X2). 
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Proof of Theorem 3.2. 

The proof is by induction. By the previous Lemma, there exists a (P„, x)-good path 2-placement 

for every x G V{Pn) such that x is not a bad vertex, where 4 < n < 7. Suppose now n > 8 
and the theorem holds for all n' < n. Let a; be a vertex of P„. Since n > 8, then P„ can be 
partitioned into two paths P' and P" such that 1{P'), 1{P") > 3. Without loss of generality, 
suppose that x G V{P') such that P' is chosen to be distinct from P5. Let xi be the end vertex 
of P" such that dp^{xi) — 2. By induction, there exists a (P',a;)-good path 2-placement, say 
(7-r, and there exists a (P", a;i)-good path 2-placement, say a^^^. Let cr be a permutation defined 
on V{Pn) such that: 

ja^iv) iiveV{P') 
a(v) — < 
^ ^ \a,,iv) iiveV{P") 

It can be easily shown that cr is a (Pn,x)-good path 2-placement. □ 

Let T be a non star tree and let xy be an edge in T. We denote by T(^x,y) the connected 
component containing a; in T — {xy} and it is called a neighbor tree of y. T(^x,y) is said to be a 
neighbor P-tree of y if T(^x,y) is a path of length at most two such that whenever T(^x,y) is a path 
of length two, then x is an end vertex in it. 



Lemma 3.3 Consider a non star tree T containing a vertex x such that d{x) > 2. Let 
{xi, ...,Xn}, n > 2, be the neighbors of x. Suppose that T(^xi,x) is a neighbor F-tree of x 
for i = l,...,m, where 2 < m < n. Let T' be the connected component containing x in 
T — {xxi] i = 1, ...,m} and let G be the graph obtained by the union of the remaining compo- 
nents. Suppose that there exists a {T' , z)-well 2-placement a such that dist{x,a{x)) < 3, where 
z is a vertex in T' not necessarily distinct from x, then there exists a {T,z)-well 2-placement, 
say Oz, such that = a{v) for every v G V{T'), dist{xi,az{xi)) < 2 for i — l,...,m and 

distT{o'z{u),o'z{v)) < 5 whenever uv is an edge in G. 

Proof. Let r, p and q be the number of neighbor trees of x that are paths of length zero, 
one and two, respectively, in the set {T(3..^a,);i = 1, ...,m}. In what follows we need to rename 
some neighbors of x for the sake of the proof. Let Tj = T(^xi,x) ioi i = l,...,m such that if 
r > 0, then Tj is the vertex for i = 1, r, Tj = bi-rCi-r for i = r + l,...,j9 + r ifp> and 
Tj = di_(p^r)^i_{p+r)fi-(p+r) for i = r + p + 1, r + p -|- g if g > 0. We will define a (T, 2;)-well 
2-placement az according to the different values of r, p and q. To construct az, we need first 
to introduce the permutations ©, T and A on V{G) in each case below such that: 

^ ] 9 if r is even I e if p is even \ S if q is even 

B = < , T = < and A = < 

I ^' if r is odd I e' if p is odd \S' if q is odd 

where 9, 9', e, e', S and S' are permutations defined in each case below. 

• Case 1. p, q and r are strictly greater than one. 

If r = 2n' for some n' G Z, then let 9 — YljZi {0'2j-i a2j). Ii r — 2n' -\- 1, then if n' = 1 let 

9' = (ai a2 as), else let 9' = (ai a2 a^) YVp^ {a2j a2i+i)- 

If p = 2m' for some m' G Z, then let e = 11^=1" (^2i C2j &2j-i C2j-i)- If P = 2m'-\-l, then let 
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e' = (61 62 h){ci C3 C2) if m' = 1, else let e' = (61 62 &3)(ci C3 C2) YYjJ^ {hj+i C2j+i &2j C2j). 

li q = 2s' for some s' G Z, then let 5 = nj=i (<22j-i /2i c?2i-i)(e2j /2i-i c?2i)- If 
= 2s' + 1, then let 6' — {di ei /2 62 /i)(c?2 c?3 /a 63) if s' = 1, else let 5' = 

{di ei fi 62 /l)(rf2 dj, fs 63) n5l2 (e2j /2j+l ^2^) (62^+1 /2j C?2j+l). 

FinaUy, let cr^ = 6 T A a. 

• Case 2. r — 1. 

We will study the following subcases: 

1. p > 1 and g > 1. 

In this case, if p = 2m' then let e = (oi &i)(62 C2 Ci) if m' = 1, and if m' > 1 then let 

e = (oi 61) (62 C2 ci) 11^=2* (^2j C2j hj-i C2j-i)- On the other hand, if p = 2m' + 1, 

then let e' = (ai bi Ci) 11^=]" (^2j+i %+! ^2j C2j). Finally, let cr^ = A T cr, where 5 
and 5' are the same as in Case 1. 

2. p > 1 and q = 1- 

Let = T (ai cii /i ci) a, where e and e' are the same as in Case 1. 

3. p > 1 and q = 0. 

Then let = T a, where e and e' are the same as in (1). 

4. p = 1 and g > 1. 

Then = (oi 61 Ci) A a, where S and 6' are the same as in Case 1. 

5. p = 1 and q = I- 

Then let = (ai bi Ci ei)(/i di) a. 

6. p = 1 and q — 0. 
Then — (oi 61 Ci) a. 

7. p = and g > 1. 

If = 2s' then let 5 = {di Ci /2)(/i ai ^2 ^2) if s' = 1 and if s' > 1 then let 

S = (di ei /2)(/i oi (^2 e2)njl2 (^sj-i f2j d2j^i){e2j /2J-1 c?2j). On the other hand, 

if g = 2s' + 1 then let 5' = (oi di fi ei) Hpi (e2j /2j+i ^2^) (62^+1 f2j c?2j+i)- Finally, 
let (Tz = A a. 

8. p = and = 1. 

Then let = (ai di /i ei) cr. 

• Case 3. p— 1. 

1. r > 1 and g > 1. 

If r = 2n' then let ^ = (ai 61 ci 02) if n' = 1 and if n' > 1 then let 9 — 
(ai bi Ci 02)11^=2 (^2j-i fl2j)- On the other hand, if r = 2n' + 1 then let 9' = 
{bi ci fli) YVjZi {(^2j Q2j+i)- Let CT^; = 6 A (7, where 6 and 5' are defined as in Case 1. 

2. r > 1 and q = 1. 

Then let = (ci Ci 61) (/i (ii)0 cr, where 6' and 9' are the same as the ones defined 
in Case 1. 

3. r > 1 and q = 0. 

Then let cr^; = © cr, where 9 and ^' are just hke the ones in (1). 
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4. r = and q > 1. 

li q — 2s' then let S — {di fi hi Ci)(/2 0^2) (ei 62) if s' = 1 and if s' > 1 then let 

5 = {di fi bi ci)(/2 d2){ei 62) njl2 (62j-i f2j d2j-i){e2j f2j-i d2j). Otherwise, if 

g = 2s' + 1 then 5' = (ci ei /i di 61) nj=i (e2j /2J+1 rf2j)(e2j+i /2j c?2j+i). Finally, let 
az — A. a. 

5. r — and g = 1. 

Let = (ci ei /i di 61) (7. 

Case 4. = 1. 

1. r > 1 and p > 1. 

li r — 2n' then let ^ = {di fi ei oi 02) if n' = 1 and if n' > 1 then let 9 — 

{di fi ei oi 02) njl2 ("^2^-1 a2j). If r = 2n'+l, then let 61' = (oi di fi ei) nj=i («2i a2j+i)- 

Finally, let — Q T a, where e and e' are the same as the ones defined in Case 1. 

2. r > 1 and p = 0. 

Then let (7^ = Q a, where 9 and 9' are the same as in (1). 

3. r = and p > 1. 

If p = 2m' then if m' = 1 let e = (ci 62 ^1 Ci C2){di fi) and if m' > 1 then 
let e = (ei 62 &i Ci C2)((ii /i) 11^=™ (^2i C2j 62^-1 C2j-i). On the other hand, if 

q = 2m' + 1, then let e' = (ei /i di 61 ci) nj=]" {hj C2j 62^+1 C2j+i). Finally, let 
az = T a. 

Case 5. r = 0. 

1. p > 1 and g > 1. 

Let (T2 = T A cr, where 5, 5', e and e' are the same as the ones defined in Case 1. 

2. p > 1 and g = 0. 

Then let az = T a, where e and e' are the same as the ones defined in Case 1. 

3. p = and q > 1. 

Then let az — ^ cr, where 6 and S' are the same as the ones defined in Case 1. 
Case 6. p = 0. 

1. r > 1 and g > 1. 

Then let cr^ = A cr, where S, S', 9 and 9' are the same as the ones defined in Case 
1. 

2. r > 1 and q = 0. 

Then let az — Qcr, where 9 and 9' are the same as the ones defined in Case 1. 
Case 7. q = 0. 

We still have only the case where r > 1 and p > 1. Then let cr^ = T cr, where 9, 9', e 
and e' are the same as the ones defined in Case 1. 



9 



Note that in each of the above cases, distT{xi,az{xi)) < 2 for i = 1, ...,m, distT{ci,az{ci)) < 4 
for I — 1, ...,p, distT{fj,crz{fj)) < 4 for j = 1, ...,q and distT{o'z{'U'),az{v)) < 5 whenever uv is 
an edge in G. Thus, it can be easily proved that cr^ is a (T, 2;)-well 2-placement. ■ 

Corollary 3.1 Consider a non star tree containing a vertex x such that d{x) > 2. Let 
{xi, ...,Xn}, n > 2, be the neighbors of x. Suppose that T(^xi,x) is a neighbor F-tree of x for 
i — 1, ...,m, where 2 <m < n. Let T' be the connected component containing x in T — {xxf, i — 
l,...,m}. Suppose that there exists a {T' , z)-good 2-placement a such that dist{x,a{x)) < 2, 
where z is a vertex in T' not necessarily distinct from x, then there exists a {T, z)-good 2- 
placement say az such that az{v) = a{v) for every v e V{T') and dist{xi,az{xi)) < 2 for 
i — 1, ...,m. 

Proof. Let G be the graph obtained by the union of all the components that do not contain x in 
T—{xXi; i = I, m}. Since cr is a (T', 2;)-good 2-placement then it is a (T', z)-we\l 2-placement, 
and so, by Lemma 3.3, there exists a {T,z)-we\\ 2-placement, say cr^, such that cr^(t') = a{v) 
for every v e V{T'), dist{xi,az{xi)) < 2 ior i — l,...,m and dist{az{u),az{v))T < 5 whenever 
uv is an edge in G. Thus cr^ is a (T, 2;)-good 2-placement. ■ 

Lemma 3.4 Let T be a non star tree and let x be a vertex ofT with N{x) = {xi, Xn}, n >2. 
Suppose that there exists a {T(^Xi,x),Xi)-weU 2-placement for i — 1, ...,p, where 1 < p < n. Let T' 
be the connected component containing x inT — {xxi, i = 1, If there exists a (T', z)-well 

2-placement, say a, such that dist{x,a(x)) < 3, where z is a vertex of T' , then there exists a 
{T,z)-well 2-placement, say az, such that az{v) = a{v) for every v e V{T'). 

Proof. Let (jj be a {T(^xi,x):Xi)-well 2-placement for i — 1, Then the 2-placement a defined 
as follows: 



is a (T, 2;)-well 2-placement. 



(t{v) live V{T') 

a,{v) iiv e V{T^^^) for i = 1, ...,p 



Lemma 3.5 Let T be a non star tree and let x be a vertex ofT with N{x) = {xi, n > 4. 
Let T' be the connected component containing x inT — {xxf, i — 1, ■■■,p}, 3 <p < n. Suppose 
that at least two and at most p— 1 trees in the set {T(^. .j.) : i = 1, ...,p} are neighbor F -trees of 
X such that for the remaining non neighbor F-trees in this set there exists a {T(^xi,x)-,Xi)-well 2- 
placement. If there exists a {T' , z)-well 2-placement, say a', such that dist{x,a'{x)) < 3, where 
z is a vertex ofT' not necessarily distinct from x, then there exists a {T,z)-well 2-placement, 
say a, such that a{y) — o'{v) for every v e V{T'). 

Proof. Suppose that T(^xi,x) are the neighbor F-trees of x ior i = 1, k, where 2 < k < p — 1, 
such that there exists a {T(^xi,x): Xi)-we\\ 2-placement for i — k-\-l, Let T" be the connected 
component containing x inT — {xxf, i — k-\-l, Since dist{x,a'{x)) < 3 and since T(^xi,x) 

are neighbor F-trees of x for i = l,...,k, then, by Lemma 3.3, there exists a (T",2;)-well 2- 
placement, say a", such that (j'{v) = cr"[v) for every v G V{T'). Again, since dist{x, o'"{x)) < 3 
and there exists a {T(^xi,x),Xi)-well 2-placement for i = k-\-l, ...,p, then, by the previous Lemma, 
there exists a (T, ^)-well 2-placement, say cr, such that a{v) = a"{v) for every v G V{T"). ■ 
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xi X y yi 
iy2 

Ta 



Xi X 



y 



B 



xi X y yi 



Tc Un' 



*y2 



Figure 1 



Lemma 3.6 Let T be one of the trees in Fig. 1 such that n > 2 and n' > 3. Then there exists 
a {T,Xi)-good 2-placement and a {T,v)-well 2-placement for every vertex v of T . 

Proof. For each tree T in Fig. 1, we give below a (T, Xi)-good 2-placement and a (T, f)-well 
2-placement for every vertex v of T. 

a = {xi X Hi y2 y) is a (Ta, a;i)-good 2-placement and a (T4,f)-well 2-placement for every 

V e ViTA). 

There are four choices for choosing a vertex v of Tg, either Xi, x, y or yi. If n = 2, 
then a = {x2 y2){yi U Xi x) is a (Tb, a;i)-good 2-placement and a (TB,f )-well 2-placement, 
for every v G {xi,x,y,yi}. Otherwise, suppose that n > 3. If n = 2A; + 1 for some 
k E N, then a = {xi x yi y2 y)Y[iZi{^2i a^2i+i) is a (Tb, xi)-good 2-placement and a 
(Tb, t;)-well 2-placement V f G V(Tb). On the other hand, if n = 2A; for some G N, then 
o' = {x2 y2){yi y xi x)Y\^~!^{x2i-i X2i) is a (Tb, xi)-good 2-placement and a (Tb, f)-well 2- 
placement, for every v G {xi, x, 

Finally, if n' = 2A; -|- 1 for some /c G N, then a = {xi x yi y) ni=i(l/2i ?/2i+i) is a (Tc,Xi)-good 
2-placement and a (Tc, v)-well 2-placement V f G V{Tc)- 

And if n' = 2k for some G N, k >2, then a = {xi x yi y2 y) YYi^iy'n-i y2i) is a (T^, a;i)-good 
2-placement and a (Tc,f)-well 2-placement for every v G V{Tc)- ■ 



.Ti X 



X2 yi 



T 



A 



xi X X2 yi Zi 
• — • — m m m 



'^2 



B 



0?/2 



Z2 



Xl X X2 yi Zi lUi 

iy2 



D 



Xl X X2 yi Zi W'l 
•— • — • • • • 



Tc 



O'i/2 

iz2 



Xl X X2 yi Zi Wi 

mm • • • • 

fj2 
Te i^Z2 



Figure 2 
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Lemma 3.7 Let T be one of the trees in Fig. 
and a {T,Xi)-'well 2-placement. 



2. Then there exists a {T,x)-'well 2-placement 



Proof. For each pair (T, x) and (T, Xi) in Fig. 2, we give below a (T, x)-well 2-placement 
and a (T, xi)-well 2-placement ax^- 
For Ta, (Tx = cTxi = {xi X y2){x2 yi Z2). 
For Tb, = cr^i = {xi x y2){yi Z2){x2 zi). 



For Tc, cr^. 
For To, (Tx 
For Te, (Jx 



(Jr. 



ex. 



Xl 



(Xl X y2){yi Z2){X2 Wi Zi). 

(xi X y2){x2 yi Wi Zi). 

(Xi X 1/2) (^2 W2 yi){zi X2W1). 



Lemma 3.8 Consider a non star tree T containing an edge xy such that drix) = 1 and 
driy) > 3. Suppose that all the neighbor trees of y distinct from T(^x,y) o-f^^ neighbor F -trees not 
isomorphic to Pi, then there exists a {T,x)-well 2-placement. 

Proof. Let {yi, where n > 2, be the neighbors of y distinct from x. We need to consider 
the following two cases concerning the degree of y: 

1. d{y) > 3. 

Let To be the connected component containing x in T — {yyf, i = 2, ...,n}, then Tq is iso- 
morphic to P4 or P5, and so, by lemma 3.1, there exists a (To,x)-well path 2-placement, 
say (Jo, such that dist{v,ao{v)) < 3 for every vertex v of Tq. Since T(^y^^y) are neighbor 
F-trees of y for i = 2, ...,n, then, by Lemma 3.3, there exists a (T, x)-well 2-placement. 

2. d{y) = 3 

Then T is isomorphic to one of the following trees in Fig. 3. For each pair (T, x) in Fig. 



X y yi zi 
— • 



X y yi zi 
— • 



•y2 

Ta 



•y2 

W 2 Tb 




t 



Z2 



W2 Tc 



G 



Figure 3 



3, we give below a (T, x)-well 2-placement a: 

a = {x y 2:2) (2/1 Zi 1/2) is a (TA,x)-well 2-placement. 

a = {x y Zi){yi Z2){y2 W2) is a (TB,x)-well 2-placement. 

a = {x y zi){yi Z2 Wi){w2 y2) is a (Tc, x)-well 2-placement. 
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Figure 4 



Lemma 3.9 Consider a non star tree containing a vertex x with d{x) > 3. Suppose that all 
the neighbor trees of x are isomorphic either to Pi or P2 such that x has at most one neighbor 
tree isomorphic to Pi, then there exists a {T,x)-well 2-placement. 

Proof. Let N{x) = n > 3. If d{x) > 3, then let To be the connected component 

containing x in T — {xxf, i = 3, ...,n}, then Tq is isomorphic either to P4 or P5. Hence, by 
Lemma 3.1, there exists a (To,x)-well path 2-placement, say (Tq. Since dist{x,aQ{x)) < 2 and 
T(x^,x) are neighbor F-trees for i = 3,...,n, then, by Lemma 3.3 , there exists a (T, x)-well 2- 
placement. On the other hand, if d{x) = 3, then T is isomorphic to one of the trees in Fig. 4. 
For each pair (T, x) in Fig. 4, we give below a (T, a;)-well 2-placement a: 
For T4, a = {x 1/3) (?/2 X2 Xi){x3 yi) 
For Tb, a ={x yi){xi 1/2) (xg X2) 
■ 

Lemma 3.10 Consider a non star tree T containing an edge xy such that dxix) = 1 and 
driy) ^ 3. Suppose that all the neighbor trees of y other than T(^x,y) 0,1"^ neighbor F-trees not 
isomorphic to Pi. Then there exists a {T,x)-good 2-placement. 

Proof. Let {yi, ...,?/«} be the set of neighbors of y distinct from x, where n > 2. We are going 
to study two cases: 

• y has a neighbor tree isomorphic to P2. 

Without loss of generality, suppose that T(^yi,y) = yiZi. If n > 2, then let Tq = T — {yyi : 

i = 2,....,n} ao = {x y Zi yi) be a (To,a:)-good 2-placement. Since dist{y,ao{y)) = 2, 

then, by Corollary 3.1, there exists a (T, x)-good 2-placement. Otherwise, that is, n = 2, 

then T is either isomorphic to or in Fig. 3. For each case, we give below a {T,x)- 

good 2-placement a: 

For T4, a = {xy zi){yi y2 Z2). 

For Tb, a = {xy ziyi Z2){y2 W2). 

• y has a neighbor tree isomorphic to P3. 

Without loss of generality, suppose that T(^y^^y^ = yiZiWi. If ri > 2, then let let Tq = 
T — {yyi : i = 2,....,n} and = {x y Zi Wi yi) be a (To,x)-good 2-placement. 
Since dist{y,ao{y)) = 2, then, by Corollary 3.1, there exists a (T, x)-good 2-placement. 
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Otherwise, that is, n = 2, then T is isomorphic either to Tb or Tc in Fig. 3. We showed 
above that there exists a (Tg, a;)-good 2-placement. For Tc, a = {x y Zi Wi yi y2 W2 Z2) 
is a (T(7, a;)-good 2-placement. 



Lemma 3.11 Let T he one of the trees in Fig. 5 such that n > 2. Then there exists a {T,x)- 
good 2-placement such that (izst(ai, cr^(ai)) < 2 whenever T is isomorphic to Te, Tp or 
Tg- 

Proof. For each pair {T,x) in Fig. 5, we give below a (T, x)-good 2-placement a^. 



z y X w I 



vi y X w 



z w X y yi 
• • • ' 



5» iy2 



Vk 



z w X y ly^M 
•— • — •— ♦ 



Tc y^* •y^ 

y2 «2 



D 



Xi IJl X 1/2 02 
• • • — •— • 



^ xi yi X y2 a2 xi yi x y 

^\ . • • • — •— • • • • — f 

Te #-4 Tp • m i 

'2 02 b\ ai ci bi ai 



di c'l hi tti 



Figure 5 

For Ta, an, = {x zi Z2 w I y z) 

For Tb, if k = 2p for some p G N, then ax = {x w I y yi 1/2) ii k = 2, and if A; > 2, then 
ax = {xwlyyi t/a) lYZliv^i-i y2i)- lfk = 2p+l, then a^. = (x w I y yi) ni=?(?/2i+i l/2i) 
For Tc, ax = (xyw z){yi y2 y^)- 

For Td, if k = 2p for some p G N, then a^ = {x y h I2 I w z) if k = 2, and if A; > 2, 
a^ = {x y hhl w z) nSK^zi-i hi)- If n = 2p + 1 , then a^ = {x y hi w z) IlCil^zi+i hi)- 
For Te, a^ = {x 2/2 yi xi){ai hi 02). 
For Tp, a^ = {x 2/2 Vi Xi){ai Ci hi 02). 
For Tc, a^ = {x y2 yi Xi){ai ci di){hi 02). 




Figure 6 
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Lemma 3.12 For the trees shown in Fig. 6, there exists a {TA,x)-good 2-placement, a {Ta-iX')- 
good 2-placement and a {TB,x)-good 2-placement. 

Proof, a = {x y x' w I) is a. {Ta, x)-good 2-placement and a (T^, a;')-good 2-placement. 
a = {x y zi wi Z2){w2 z) is a (TB,a;)-good 2-placement. ■ 

Proof of Theorem 1.7. 

The proof is by induction on the order of T . For n = 4, there is only one non star tree, which 
is P4, then, by Lemma 3.1, there exists a (T, f)-well 2-placement for every v G V^P/i). Suppose 
that the theorem holds for n' < n, n > 5, and let T be a non star tree of order n. Let a; be a 
vertex of T. If T is a path, then, by Theorem 3.1, there exists a (T, a;)-well path 2-placement. 
Otherwise, let v he a vertex of T and let {vi, m > 2, be the neighbors of v. Suppose 

that {vi, ...,Vp}, 1 < p < m, are enumerated in such a way that x and v are in the same 
connected component in T — {vVi : i = 1, ...,p} and let T' be this connected component. Note 
that X and v may be the same vertex. 

Claim 1. If there exists a (T', x)-well 2-placement a such that dist{v, cr{v)) < 3 and Ti^vi,v) ^^re 
non star trees for i — 1, then there exists a (T, x)-well 2-placement. 

Proof. Since T(^y.^y-) is a non star tree for i = 1, ...p, then, by induction, there exists a (T(^.^^), Vj)- 
well 2-placement. Thus, by Lemma 3.4, there exists a (T, a;)-well 2-placement. 

Claim 2. If 2 < p < m, at least two neighbor trees in the set {T(^vi,v) '■ i = are 
neighbor F-trees of v such that the remaining neighbor trees in the set are non star trees and if 
there exists a (T',a;)-well 2-placement a such that dist{v,a{v)) < 3, then there exists a {T,x)- 
well 2-placement. 

Proof. If T(^vi,v) is a non star tree for some i, 1 < i < p, then, by induction, there exists 
a {T(^^. .^^,Vi)-we\l 2-placement. Thus, since at least two neighbor trees in the set {T(t,. ,u) : i = 
1, are neighbor F-trees of v, there exists, by Lemma 3.3 and Lemma 3.5, a (T, a;)-well 

2-placement. 

From now on, we shall assume that we can't apply neither Claim 1 nor Claim 2 on any vertex 
V of T. We will study two cases concerning the degree of x. 

Case 1. d{x) = 1. 

Let y be the father of x. If y is the father of another leaf, say a, then let T' — T — {x}. Note 
that T' is a non star tree since otherwise T is a star. So, there exists a (T", Q;)-well 2-placement, 
say a'. The 2-placement a defined as follows: 



is a (T, a;)-wcll 2-placemcnt. Otherwise, suppose that y is the father of the leaf x only. If 
there exists a set of leaves, say {ai, a/j}, k > 2, such that all of these leaves have the same 
father, say /3, with d{/3) — k -\- 1, then let T' — T — {cki, a^}. If T' is a non star tree then 
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there exists a {T',x)-well 2-placement, say ax, such that dist{(3,ax{/3)) < 4, since /3 is a leaf 
in T", and so a — a^iai... ctfc) is a (T, a;)-well 2-placement. Else, that is T' is a star, then T 
is isomorphic to Ta in Fig. 1 if /c = 2, and if /c > 2 then T is isomorphic to Tc in Fig. 1 for 
n' = k. Thus, by Lemma 3.6, there exists a (T, x)-well 2-placemcnt. Otherwise, suppose that 
the set {ai, ttfe} doesn't exist. Hence, we can remark that for any edge ab in E{T), T(^a,b) 
is either a neighbor F-tree of 6 or a non star tree. Since T is not a path, then there exists a 
vertex in T with degree strictly greater than two. Let z be the first vertex away from x such 
that d{z) > 2, z' be the nearest neighbor of z to a; and let {zi, Zm}, m > 2, be the neighbors 
of z distinct from z'. Note that T(^z',z) is a path and T(^z,z') is a non star tree since otherwise the 
set {«!, ...,ak}, which is described above, exists. T(^z',z) is a path of length at most two, since 
otherwise there exists, by Theorem 3.1, a {T(^z' ,z) , x)-well path 2-placement, say ax, such that 
dist{z' ,ax{z')) < 3, and so we can apply Claim 1 on z'. Suppose first that the path T(^z',z) is 
of length zero, that is x is a neighbor of z, then z is the father of the leaf x only. If z has a 
non neighbor F-tree, then suppose that T(^zi,z) is a non star tree. Since T(^z,zi) is a non star tree, 
then there exists a {T(^z,zi),x)-wel\ 2-placement a' such that dist{z,a'{z)) < 3, and so we can 
apply Claim 1 on 2;, a contradiction. Hence, all the neighbor trees of z are neighbor F-trees 
and so there exists a (T, x)-well 2-placement by Lemma 3.8. Suppose now that the path T(^z',z) 
is of length two or one. If z has a unique neighbor F-tree or at least three neighbor F-trees 
other that T(^z\z), then suppose that T(^zi.z) is a neighbor F-tree and let T' be the connected 
component containing a; in T — {zZi] i = 2, ...,m}. Thus, T' is a path of length at least three 
and at most six and so, by Lemma 3.1, there exists a (T',a;)-well path 2-placement a' such 
that dist{v , a' {v)) < 3 for every vertex v of T' . Hence, we can apply Claim 1 or Claim 2 on 
z, a contradiction. Thus, z has no neighbor F-tree or z has only two neighbor F-trees dis- 
tinct from T(^z',z)- If is a path of length two, then let T' be the connected component 
containing a; in T — {zZi, i = 1, ...,m}. Since T' is a path of length three, then there exists 
a (r',a;)-well path 2-placement a', by Lemma 3.1, such that dist{z,a'{z)) < 3, and so we can 
apply Claim 1 or Claim 2 on a contradiction. Thus, T(^z',z) is a path of length one, that is 
z' is the father of x. If z has no neighbor F-tree distinct from T(^z',z), then each neighbor of z 
has at least two neighbors. Let {ai, ...,aq}, g > 1, be the neighbors of Zi distinct from z. If 
Zi has at least two neighbor F-trees or no neighbor F-tree distinct from T(_z,zi), then let T' be 
the connected component containing a; in T — {zzj, zitti, j = 2, ...,m and i = I, q}- Thus, 
T' is a path of length three and so, by Lemma 3.1, there exists a (T', a;)-well path 2-placement 
a' such that dist{v, a'{v)) < 3 for every vertex v of T'. Since T(^zj,z) are non neighbor F-trees 
for j = 2, ...,m, then, by Lemma 3.4, there exists a (T"', a;)-well 2-placement a", where T" is 
the connected component containing ,t in T — {zitti] i = 1, q}, such that a"{v) = a'{v) for 
every vertex v of T' and so we can either apply Claim 1 or Claim 2 on 2:1, a contradiction. 
Thus, zi has a unique neighbor F-tree distinct from T(^z,zi), say T(^ai,zi)- Let T' be the connected 
component containing a; in T — {zzj, ZiUf, j — 2, m and i — 2, q}, then T' is a path of 
length at least four and at most six, and so, by Lemma 3.1, there exists a (T',a;)-well path 
2-placement a' such that dist{v,a'{v)) < 3 for every vertex v of T'. Thus, by Lemma 3.4, 
there exists a (T",a;)-well 2-placement a", where T" is the connected component containing x 
in T — {zitti] i = 2, ...,q}, such that a"{v) — a'{v) for every v of T' and so we can either apply 
Claim 1 on zi, a contradiction. Thus, z has only two neighbor F-trees distinct from T(^z',z)- H 
m > 2, then suppose that T(^zi,z) and T(^z2,z) are the neighbor F-trees of z. The tree T', which 
is the connected component containing a: in T — {zzf, i = 3, m}, is either isomorphic to one 
of the trees in Fig. 2 or to the tree Ta in Fig. 1, and so, by Lemma 3.6 and Lemma 3.7, there 
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exists a (T',a;)-well 2-placement a' such that d%st{z^a'{zy) < 3. Thus, we can apply Claim 1 
on 2;, a contradiction. Hence, m — 2 and so T is isomorphic to one of the trees in Fig. 2, and 
so, by Lemma 3.7, there exists a (T, x)-well 2-placement. 

Case 2. d{x) > 1. 

If X or any of its neighbors is a father of at least two leaves, say ai and a2, then let T' = 
T — {ai,a2}. T' is a star, since otherwise there exists a (T',a;)-well 2-placement, say cr', such 
that dist{v,a'{v)) < 3 for every v e {x\J N{x)} and so we can apply Claim 2 on the father 
of CKi and 02, a contradiction. Hence, T is isomorphic to Ta or Tb in Fig. 1, and so, by 
Lemma 3.6, there exists a (T, a;)-well 2-placement. Else, suppose that neither x nor any of 
its neighbors is a father of at least two leaves. If there exists a set of leaves, say {ai, am}, 
m > 2, such that all of the leaves have the same father, say /5, with d{/3) ~ m + 1, then let 
T' — T — {ai, am}- Note that T' is a non star tree since neither x nor any of its neighbors 
is a father of at least two leaves. Hence, there exists a (T',x)-wel\ 2-placement, say ax, such 
that dist{l3,(Tx{f3)) < 4 since /3 is an end vertex in T'. Then a = ax{a\--- cim) is a (T, a;)-well 
2-placement. Otherwise, suppose that the set of leaves {ai, q;^} doesn't exist. Since T is 
not a path and all the previous cases are not satisfied then there exists y e Nix) such that 
T(j.,y) is a non star tree. There exists no neighbor y of x such that T(^x,y) and T(^y^x) are non star 
trees, since otherwise there exists a {T(^x,y),x)-wel\ 2-placcment, and so we can apply Claim 1 on 
X. If there exists y G N{x) such that T(^x,y) is a non star tree and Ti^y,x) is a path of length two, 
then all the neighbor trees of x are neighbor F-trees. And since T is not a path then d{x) > 2. 
Let {yi, ym}, m >2, he the neighbors of x distinct from y, Tq be the connected component 
containing x in T — {xyf, i — 1, ...,m}. Then Tq is a path of length three and so there exists, 
by Lemma 3.1, a (To,x)-well 2-placement. Hence, we can apply Claim 2 on a;, a contradiction. 
Thus, there exists no neighbor y of x such that T(^x,y) is a non star tree and T(^y,x) is a path of 
length two. If there exists y G N{x) such that T(^x,y) is a non star tree and Ti^y^x) is a path of 
length one, then if d{x) — 2, let yi be the neighbor of x distinct from y. T(^yi,x) is not a neighbor 
F-tree of x since T is not a path. Let {bi,...,br}, r > 1, be the neighbors of yi distinct from 
X and let To be the connected component containing x in T — {yibf, i = 1, ■■■,r}. Then Tq is 
a path of length three, and so there exists, by Lemma 3.1, a (To,,t)-wc11 path 2-placement ctq 
such that dis{y,aQ{y)) < 3. Thus, yi has a unique neighbor F-tree distinct from T(^x,yi), since 
otherwise we can apply either Claim 1 or Claim 2 on Suppose that T(^bi,yi) is that tree and 
let T' be the connected component containing x inT — {yifej; i = 2, r}. Hence, T' is a path 
of length at least four and at most six, and so, by Lemma 3.1, there exists a (T',x)-well path 
2-placement, say a', such that dist{y,a'{y)) < 3. Thus, we can apply Claim 1 on yi, a con- 
tradiction. Hence, d{x) > 2, and so all the neighbor trees of x are paths of length one with at 
most one is a path of length zero. Hence, by Lemma 3.9, there exists a (T, a;)-well 2-placement. 
Otherwise, suppose that there exists no G N{x) such that T(^x,y) is a non star tree and T{y,x) 
is a path of length one. Then, there exists y G N{x) such that T(^x,y) is a non star tree, T(y^x) is 
a path of length zero and d{x) = 2. Let N{x) = {y, y'}. If d{y') = 2, then let a be the neighbor 
of y' distinct from x and let {ai, ...,ak}, k > 1, he the neighbors of a distinct from y'. Let 
Tq he the connected component containing a; in T — {aai : i = 1, k}, then Tq is a path of 
length three, and so, by Lemma 3.1, there exists a (ro,x)-well path 2-placement (Tq such that 
dist{a,aQ(a)) < 3. Thus, a has a unique neighbor F-tree distinct from T(yi^a), since otherwise 
we can apply either Claim 1 or Claim 2 on a. Suppose that T{^ai,a) is that tree and let T' be the 
connected component containing x uiT — {aai] i = 2, k}. Then T' is a path of length at 
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least four and at most six, and so, by Lemma 3.1, there exists a (T',a;)-well path 2-placement, 
say cr', such that dist{a, cr'(a)) < 3. Thus, we can apply Claim 1 on a, a contradiction. Hence, 
d{y') > 2. let {y[, .., yj}, Z > 2, be the neighbors of y' distinct from x. If y' has a non neighbor 
F-tree then suppose that T(^y'^^yr) is that tree. Note that T(^y',y[) is a non star tree and so there 
exists a (T(j^/ j,^), a;)-well 2-placement say a' such that dist{y' ,a'{y')) < 3. Thus, Claim 1 is 
applied on y', a contradiction. Hence, all the neighbor trees of y' are neighbor F-trees. If 
d{y') > 3, then let T' be the connected component containing x in T — {y'y[ : i — 2, 
Since T' is a non star tree, then there exists a (T",x)-well 2-placement and so we can apply 
Claim 2 on y', a contradiction. Thus, d{y') — 3 and T is isomorphic to one of the trees in Fig. 
2, and so, by Lemma 3.7, there exists a (T, x)-well 2-placement. □ 

Proof of Corollary 1.3. 

Let To = T — {ai, a^j,}, where {cti, a^^} is the maximal set of leaves that can be removed 
from T in such a way that the obtained tree is a non star one. Since Tq is a non star tree then 
there exists a (To, a;)-well 2-placement for some x vhTq. We define a packing of T into T^, say 
cr, as follows: 

{a' \iveV{T') 
a[v) = < 

Iccj ii V — ai ior i — 1, ...,mT 

Label cij by i, for i = 1, ...,mx- Let r be the number of cycles of a and let ai, (j^ be those 
cycles. Remark that r > [" "~™* "| . Label the vertices of each cycle (jj by uit + i ioi i = 1, ...,r. 
Hence, we obtain an (my -|- r)-labeled packing of T into and so w^{T) > mr + □ 

Proof of Theorem 1.8. 

The proof is by induction on the order of T. For n = 4 there is only one non star tree, which 
is P4. By lemma 3.2, there exists a (T, f)-good 2-placenient for every v G V{P4). Suppose 
that the theorem holds for n' < n, n > 5, and let T be a non star tree of order n. Let x be a 
vertex of T such that x is not a bad vertex. If T is a path, then, by Theorem 3.2, there exists 
a (T, a;)-good path 2-placement. Else, we will study two cases concerning the degree of x: 

Case 1. d{x) = 1. 

Let y be the father of x. If y is a father of another leaf a, then let T' — T — {x}. Note that T' 
is a non star tree since otherwise T is a star. Hence, there exists a (T", Q;)-good 2-placement, 
say a'. The 2-placement a defined as follows: 

(a'{v) ifveV{T')-{a} 
a{v) = < a'{a) ii v = x 
[^x ii V — a 

is a (T, a;)-good 2-placement. Otherwise, suppose that y is the father of the leaf x only. If 
there exists a set of leaves, say {ai, am}, m >2, such that all of these leaves have the same 
father, say /3, with d{f3) = m + 1, then let T' = T — {ai, ...,am}- If T' is a non star tree, 
then there exists a (T',a;)-good 2-placement, say a^, such that dist{/3,ax{(3)) < 4 since ^ is a 
leaf in T'. Hence, a — aj;{ai... a^) is a (T, x)-good 2-placement. And if T' is a star then T is 
isomorphic to Ta or Tc in Fig. 1, and so, by Lemma 3.6, there exists a (T, x)-good 2-placement. 
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Otherwise, suppose that the set {cti, am} doesn't exist. Hence, we can remark that for any 
edge ab in E{T), T(^a,b) can be either a neighbor F-tree of 6 or a non star tree. Let z be the first 
vertex away from x such that d{z) > 2. z exists since T is not a path. Let z' be the nearest 
neighbor of z to x and let {zi, Zm}, m > 2, he the neighbors of z distinct from z'. Note 
that T(^z',z) is a path and T(^z,z') is a non star tree, since otherwise the set of leaves described 
above exists. If T(^z',z) is a path of length at least three, then let ax be a {T(^z',z),^)-Sood path 
2-placement and let be a {T(^z,z'), ^)-good 2-placement if z is not a bad vertex in T(^z,z'), ^^nd if 
it is, then let be a {T(^z,z'): -z")"good 2-placement, where z" is a neighbor of z in T(^z,z')- Since 
dist{z' ,ax{z')) < 2, then the 2-placement a defined as follows: 



a{v) = 



live V{T^ 



z',z), 



az{v) iiv eV{Ti^z,z')) 



is a (T, a:;)-good 2-placement. Otherwise, T(_z'.z) is a path of length at most two. If T(^z',z) is a 
path of length two, then let a' be a (T^^ j^), ^')-good 2-placement. The 2-placement a defined 
as follows: 



X 

y 

Wiz') 



iiveV{T)-{x,y,z'} 

a V — z' 
a V — X 

a V — y 



is a (T, a;)-good 2-placement. Else, if T(^z',z) is a path of length one, that is, a; is a neighbor of z', 
then if z is not a bad vertex in T(^z,z'), let a' be a {T(^z,z'), ^)-good 2-placement. The 2-placement 
a defined as follows: 



a{v) 



a'{v) 



X 



(J'iz 



if f G V{T) - {x,z,z'} 
if V = z 
if V = X 
ii V — z' 



is a (T, a:)-good 2-placement. And if 2; is a bad vertex in T(^z,z') then T is isomorphic to Tb in 
Fig. 6, and so, by Lemma 3.12, there exists a (T, x)-good 2-placement. Otherwise, T(^z',z) is a 
path of length zero, that is, a; is a neighbor of z. If there exists a neighbor of z, say zi, such 
that T(^zi,z) is not a neighbor F-tree of z, then let be a {T(^zi,z), -2i)-good 2-placement if Zi is 
not a bad vertex in T(^zi,z), ^■nd if it is, then let a^^ be a {T(^zi,z),'Wi)-good 2-placement, where 
Wi is a neighbor of zi in T(^zi,z)- ^(^,zi) is a non star tree since z is the father of the leaf x only, 
then there exists a (T(2 2^), a:)-good 2-placement, say ax, such that dist{z, ax{z)) < 2. We define 
a (T, a;)-good 2-placement a as follows: 



a{v) 



az,{v) if^ey(T(,,,,)) 
ax{v) live T^(T(^,zi)) 



Otherwise, suppose that all the neighbor trees of z are neighbor F-trees. Then, by Lemma 
3.10, there exists a (T, a;)-good 2-placement. 
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Case 2. d{x) > 1. 

If X or any of its neighbors is a father of at least two leaves distinct from x, say ai and a2, then 
let T' = T — {ai, 0:2}. If T' is a non star tree such that x is not a bad vertex in T' then let 
be a (T',a;)-good 2-placement. Then a = (Jx{q:i 02) is a (T, x)-good 2-placement. If a; is a bad 
vertex in T' then T is isomorphic to T4 or Tc in Fig. 5, and so, by Lemma 3.11, there exists a 
(T, a;)-good 2-placement. And if T' is a star then T is isomorphic either to Tb in Fig. 5 or to 
Ta in Fig. 6, and so, by Lemma 3.11 and Lemma 3.12, there exists a (T, a;)-good 2-placement. 
Otherwise, x and each of its neighbors is the father of at most one leaf. If there exists a set of 
leaves, say {ai, ...,am}, m > 2, such that all of the leaves have the same father, say /?, with 
d{P) = m + 1, then let T' = T — {ai, am}- Note that T' is a non star tree since neither x 
nor any of its neighbors is a father of at least two leaves. If x is not a bad vertex in T', then 
there exists a (T', a;)-good 2-placement, say a^, such that dist{(3, crx{(3)) < 4 since ^ is a leaf in 
T'. Thus a — ax{ai--- a^) is a (T, a;)-good 2-placement. And if x is a bad vertex in T", then T 
is isomorphic to Td in Fig. 5, and so, by Lemma 3.11, there exists a (T, x)-good 2-placement. 
Otherwise, suppose that the set of leaves {ai, am} doesn't exist in T. Since T is not a path, 
neither x nor any of its neighbors is the father of at least two leaves and the set of leaves having 
the same father doesn't exist, then there exists y e N{x) such that T(^x,y) is a non star tree. 
Whenever a; is a bad vertex in T(^x,y), let Xi and X2 be the neighbors of x in T(^x,y) ^.nd yi and y2 
be that of Xi and X2, respectively. If there exists y ^ N(x) such that T(^x,y) and T(^y,x) are non 
star trees, then let ay be a {T(^y^x),y)- good 2-placement if y is not a bad vertex in T(^y,x), and if 
it is, then let ay be a (T(y .j.), |/')-good 2-placement, where y' is a neighbor of y in T(^y,x)- If ^ 
is not a bad vertex in T(^x,y), then let ax be a (T(a. ,^), a;)-good 2-placement. The 2-placement a 
defined as follows: 



a{v) 



ax{v) iiv e V{T(^x,y)] 
ay{v) live ViTi^y^x)] 



is a (T, a;)-good 2-placement. And if x is a bad vertex in T(^x,y), then let T' be the connected 
component containing a; in T — {a;a;i, a;a;2} and let ax be a (T',a;)-good 2-placement. Thus 
a — ax{x2 y2 xi yi) is a (T, a;)-good 2-placement. Otherwise, if there exists y e N{x) such that 
T(^x,y) is a non star tree and T(^y,x) is a path of length zero, then if x is not a bad vertex in T(^x,y), 
let ax be a (T'(a;^y),a;)-good 2-placement. The 2-placement a defined such that: 

if^;eF(T(.,,))-{a;} 
a{v) — { y a V — X 

ii V = y 

is a (T, a;)-good 2-placement. And if a; is a bad vertex in T(^x,y) then cr = {x y Xi yi X2 1/2) is a 
(T, x)-good 2-placement. Else, if there exists y e A^'(a;) such that T(^x,y) is a non star tree and 
T(^y,x) is a path of length two, then if x is not a bad vertex in T(^x,y), let ax be a (T(-r^j,), a;)-good 
2-placement and let T(^y,x) — yzw. The 2-placement a defined such that: 

^ax{v) if V eV{T(^x,y)) - {x} 




a{v) 



y ii V — X 

ax{x) ii V — z 

w ii V — y 

z ii V — w 
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is a (T, a;)-good 2-placement. And if a; is a bad vertex in T(^x,y), then a = {x y w z){xi yi X2 1/2) 
is a (T, x)-good 2-placement. Else, there exists y e N{x) such that T(^x,y) is a non star tree and 
T(^y,x) is a path of length one. If d{x) — 2, then let N{x) — {yi, y^}- Suppose that .j) = yiXi 
and T(^x,yi) is a non star tree. Let {ai, ...,am}, m > 1, be the neighbors of y2 distinct from 
X. If y2 has a non neighbor F-tree, then suppose that T(ai,y2) is that tree and let 0"^^ be a 
(T(a^ ai)-good 2-placement if ai is not a bad vertex in Ti^ai,y2)-i and if it is, then let cxa^ be 
a (2^(01,2/2)' &)-good 2-placement, where 6 is a neighbor of Oi distinct from y2- If ^ is not a bad 
vertex in T(^y2,ai)-i then let Ux be a (T(2^2_a^), a:)-good 2-placement. Finally, the 2-placement cr 
defined as follows: 



a[v) 



ax{v) if ^; e ■l/(T(^2,ai)) 
cr„,(w) ifT;eV'(T( 

ai,2/2j/ 



is a (T, a;)-good 2-placement. If a; is a bad vertex in T{y2,ai), then y2 has only two neighbors 
distinct from x such that T(^a2,y2) is the vertex 02- Let {bi, / > 1, be the neighbors of ai 

distinct from y2, T' be the connected component containing a; in T — {ai6j; i = 1, /} and let 
a' — {xi X y2 yi){ai 02)- Whenever T(b. a^), 1 < i < m, is not a neighbor F-tree of ai, let ai be 
a (^(64,01)) bi)-E,^od 2-placement if bi is not a bad vertex in T(^hi,ai), and if it is, then let (Tj be a 
iT{bi,ai),Wi)-good 2-placement, where Wi is a neighbor of in T(^bi,ai)- If all the neighbor trees 
of Oi are non neighbor F-trees, then the 2-placement a defined as follows: 



a'{v) ifveV{T') 

ai{v) ifv e V(T(fe.,aj)) for i = 1, / 



is a (T, x)-good 2-placement. If ai has at least two neighbor F-trees, then suppose that T(^h,.ai) 
is a neighbor F-tree of ai for i = 1, ■■■,p, where 2 < p < I. By Corollary 3.1, there exists a 
(T", a;)-good 2-placement a" such that (j"{v) = cr'{v) for every v of T', where T" is the connected 
component containing x in T — {aibi, i = p + 1, ...,/}. If T" — T, then a" is a (T, a;)-good 
2-placement. Otherwise, a (T, x)-good 2-placement a is defined a s follows: 



a{v) 



a"{v) live V{T") 

ai{v) if V e V{Tip.^ai)) for i = p + 1, / 



Finally, if ai has a unique neighbor F-tree, then suppose that T(6^ is that tree. Let T' be the 
connected component containing x in T — {aibi] i — 2, I}, then T' is isomorphic to one of the 

trees, Te, Tp or Tq, in Fig. 5, and so, by Lemma 3.11, there exists a (T, a;)-good 2-placement a' 
such that dist{ai,(7'{ai)) < 2. If / = 1, then a' is a (T, x)-good 2-placement. Else, a (T, a;)-good 
2-placement cr is defined as follows: 



a{v) 



a'{v) iiveV{T') 

ai{v) live V{T^bi,a^)) for i = 2, Z 



Now, suppose that all the neighbor trees of y2 are neighbor F-trees, then ^(1/2) > 3 since T 
is not a path. Let Tq be the connected component containing x in T — {2/20,; i = l,...,m} 
and (7o = (x 2/2 2/1 2:1). Then, by Corollary 3.1, there exists a (T, a;)-good 2-placement since 
dist{y2, co(y2)) = 2 and all the neighbor trees of y2 are neighbor F-trees. Finally, if d{x) > 2, 
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then each neighbor tree of a; is a path of length one. Let N{x) = {yi, ...,yr}, r > 2, and 
let T(^y.^x) — Ui for i — l, ...,r. If d{x) > 4, then let T' be the connected component con- 
taining X va. T — {xyfji = 4, ...,r}. Since T' is a non star tree and x is not a bad vertex 
in T", then there exists a (T, a;)-good 2-placement. Since T(^y^,x) are neighbor F-trees of x for 
i = 4, ...,r, then, by Corollary 3.1, there exists a (T',a:)-good 2-placement. Otherwise, that 
is, d{x) < 5, then a = {x y^ y2 X2 x^ yi xi) is a (T, a;)-good 2-placement if d{x) = 3, and 
a' — {x 1/3 1/2 X2 X3 1/4 0:4 yi Xi) is a (T, a;)-good 2-placement if d{x) = 4. □ 

Proof of CoroUciry 1.4. 

Let T' = T — {ai, am^}, where {ai, amy} is the maximal set of leaves that can be removed 
from T in such a way that the obtained tree is a non star one. Since T' is a non star tree, then 
there exists a (T', a;)-good 2-placement, say a^, where x is any non bad vertex of T'. We define 
a packing cr of T into as follows: 



Label ai by i for i = 1, ...^rriT and label all the vertices in T' by tiit + 1. Hence, we obtain an 
{rriT + l)-labeled packing of T into T^, and so w^{T) > rriT + 1. □ 
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